Using a new method we give elementary estimates for the capacity of non-contractible annuli on cylinders and provide examples, where these inequalities are sharp. Here the lower bound depends only on the area of the annulus. In the case of constant curvature this lower bound is obtained with the help of a symmetrization process that results in an annulus of minimal capacity. In the case of variable negative curvature we obtain the lower bound by constructing a comparison annulus with the same area but lower capacity on a cylinder of constant curvature. The methods developed here have been applied to estimated the energy of harmonic forms on Riemann surfaces in [Mu].
Introduction
We will first give the definition of a cylinder. Let E K be a simply connected surface of constant (sectional) curvature or variable negative curvature, where K denotes the supremum of the curvature in E K . Let γ ⊂ E K be a geodesic arc of length l(γ) < diam(E K ). For each point p ∈ γ there exists a geodesic arc δ p that is perpendicular to γ and that passes through p. We denote by a strip S of constant length the set that is formed by the union of such geodesic arcs, i.e.
Here all endpoints of the arcs δ p on one side of S shall have the distance a to γ and the endpoints on the other side shall have distance b to γ, where b ≤ a < diam(E K ) 2 (see Fig. 1 and Fig. 2 ). This condition ensures that the different δ p do not intersect. A cylinder with baseline γ or shortly cylinder C is C = S mod M, such that the sides of S containing the endpoints of γ are identified by an isometry M ∈ Isom + (E K ). Here we assume that such a M exists for S, which is always true in the case of constant curvature. A strip S with baseline γ in a surface E −1 with constant curvature −1, the corresponding cylinder C with a non-contractible annulus A and the annulus B that has minimal capacity among all annuli with fixed area area(A) = area(B).
There exist two types of annuli on C, contractible and non-contractible annuli (see Fig. 1 , Fig. 2 and section 2). We will consider only non-contractible annuli which we call shortly annuli in the following sections.
We obtain the following two theorems concerning the lower bound of the capacity of annuli on cylinders:
Theorem 1.1 Let C be a cylinder of variable negative curvature smaller than K = −k 2 . Let γ be its baseline of length l(γ) = l. Let A ⊂ C be a non-contractible annulus of finite area area(A).
) and h 1 (x) = 2 arctan(exp(x)), we have
In the limit case k → 0, we obtain cap(A) ≥ l 2 area(A) .
If C has constant curvature K, then the theorem says the following. Among all annuli of fixed area on a cylinder with baseline γ, the annulus with constant length, centered around γ has minimal capacity (see Fig. 2 ). In this case the inequality is sharp. This is also the annulus, whose boundary line has minimal length among all annuli of fixed area. This means that for this annulus the isoperimetric inequality for (non-contractible) annuli on cylinders is sharp. There is no such lower bound depending on the area for contractible annuli. In the case of constant positive curvature, we obtain: Theorem 1.2 Let C be a cylinder of constant curvature K = k 2 and let γ be its baseline of length l(γ) = l. Let A ⊂ C be a non-contractible annulus of finite area area(A). Then for
, we have
.
The theorem says that among all annuli of fixed area on a cylinder of constant positive curvature with baseline γ, the annulus with constant length, where one boundary is the shortest boundary of the cylinder itself, has minimal capacity (see Fig. 1 ). As in the case of constant negative curvature this is the annulus that satisfies the isoperimetric inequality for annuli. For more general results about the isoperimetric inequality and capacity, see [Gr] . The result for the cylinders of constant curvature is obtained with the help of a symmetrization process that results in an annulus of minimal capacity. The result for cylinders of variable negative curvature is obtained by comparing the capacity of an annulus with the capacity of an annulus on a comparison cylinder of higher, constant, curvature. We will prove these theorems in section 3. Using the same methods, we will derive lower and upper bounds of the capacities of annuli on cylinders in section 4. These results are stated in Theorem 4.1. The methods developed here have been applied to estimate the energy of harmonic forms on Riemann surfaces in [Mu] . In [G] , Gehring provides elementary estimates for the capacity of rings in R n , taken with respect to an arbitrary metric. Here the upper bound is constructed with the help of a test function that increases linearly along geodesics that realize the distance between a point on one boundary and the second boundary. It is noteworthy that this method can be adapted to obtain an upper bound for annuli on cylinders.
Preliminaries

Basic definitions
There exist two types of annuli on C, contractible and non-contractible annuli (see Fig. 1 and Fig. 2) . Here a non-contractible annulus or shortly annulus A ⊂ C on a cylinder C is a set that can be obtained by a continuous deformation of C. More precisely there exists an isotopy
We denote by ∂ 1 A and ∂ 2 A the two connected boundary components that constitute the boundary ∂A. Let
be a bijective parametrization of C and G the corresponding metric tensor. Let F ∈ Lip(Ā) a Lipschitz function on the closure of A. Then the energy of F on A, E A (F ) is given by
The capacity of an annulus A, cap(A) is given by
For further information about the definition of the capacity in metric spaces, see [GT] .
Fermi coordinates
Let E K be a simply connected surface of either constant curvature or variable negative curvature. Let ν ⊂ E K be a geodesic. ν divides E K into two parts, E + K and E − K . Let γ ⊂ ν be a geodesic arc of length l(γ) < diam(E K ) with endpoints p 1 and p 2 . It follows from [Kl] , p. 62-64 that for each point p ∈ γ there exists a unique geodesic δ p that is perpendicular to γ and that passes p. The Fermi coordinates with base point p 1 and baseline γ in E K are an injective parametrization
, such that the parametrization satisfies the following conditions : Each point q = ψ(t, s) ∈ ψ(D) can be reached in the following way. Starting from the base point p 1 we first we move along γ the directed distance t to ψ(t, 0) = p and then from ψ(t, 0) = p, we now move along δ p the directed distance s to ψ(t, s) = q. An image ψ(D) = S is a strip. We remind that a cylinder with baseline γ is
such that the side of S containing p 1 is identified by an isometry M ∈ Isom + (E K ) with the side of the strip S containing p 2 .
Any cylinder of variable negative curvature or constant curvature can be parametrized in Fermi coordinates (see [Kl] , p. 62-64). It is a well-known fact that in the case of negative curvature the image of γ is the shortest simple closed geodesic on C.
Cylinders of constant curvature
If E K has constant curvature K then a model of E K is the hyperbolic plane if K < 0, the Euclidean plane if K = 0, and the sphere if K > 0. We will use the following models for the simply connected surfaces of constant negative curvature and positive curvature : In the case of negative curvature K = −k 2 , set E K = H, where H is the Poincare model of the hyperbolic plane. It is the following subset of the complex plane C :
with the hyperbolic metric
As the metric is conformal, the hyperbolic energy of a function F on a set L, F :
parametrizes a cylinder C with baseline γ = {iy | y ∈ [1, exp(kl)]}.
In the case of positive curvature K = k 2 , set E K = S 2 k , where S 2 k is the sphere ∂B 1 k (0) ⊂ R 3 , the boundary of the ball of radius
Using these models, we obtain the metric tensor G with respect to the Fermi coordinates :
where
Cylinders of variable negative curvature
Let C = S mod M be a cylinder with variable negative curvature bounded from above by K. Then with respect to the Fermi coordinates ψ for C, the metric tensor G has the same shape as in equation (1). Let γ be the baseline of C. Now the Fermi coordinates parametrize γ with unit speed. It follows furthermore from the fact that γ is a geodesic in C that the derivative of h(t, s) with respect to s is zero, if s equals zero. Hence h(t, 0) = 1 and ∂h(t, 0) ∂s = 0.
If K(t, s) is the curvature in the point ψ(t, s) ∈ C then it follows from equation (1) that
If the curvature of C is bounded between −k 2 2 and −k 2 1 = K then we obtain the following result with the help of the last two equations. Applying Cauchy's mean value theorem twice to
Using this inequality and the previous two equations a simple application of the mean value theorem of differentiation applied to
gives us for all t ∈ [0, l(γ)] ∂h(t, s) ∂s < 0 for s < 0 and ∂h(t, s) ∂s > 0 for s > 0.
Area and directional capacity
Using the formulas for the metric tensor G, the area of an annulus A, area(A) is given by
Now let A ⊂ C be an annulus and
the orthogonal projection of a tangent vector in x onto the subspace spanned by
. We denote by E A (∂ 2 F ) = E A (p ψ (DF )) the energy of this orthogonal projection of DF . Let L ⊂ C be a strip or annulus. For technical purposes, we also define the capacity of L in direction ∂ 2 , cap ∂s (L) or shortly directional capacity by
Using Fermi coordinates, we obtain for the energy E A (F ) of F on A, with F • ψ = f :
(5) Using equation (5), we obtain the following lemma. Note that we can drop the condition a < 0. H(t, a) dt, where H(t, s) = 1 h(t, s) ds.
proof of Lemma 2.1 For any function F ∈ Lip(C),
Solving the Euler-Lagrange equation (see [Ge] p. 152-154), we can determine the function P = p • ψ −1 ∈ Lip(C) that satisfies the boundary conditions on C and such that p minimizes the second integral in the above inequality (5). We obtain p(t, s) = c 1 H(t, s) − c 2 , where
We obtain cap ∂s (C) = cap ∂s (S) = If E K has constant curvature, then we obtain :
Here h 1 (s) = 2 arctan(exp(s)) and h 2 (s) = log 1+sin(s) cos(s) (see Theorem 1.1 and 1.2). In the case of constant curvature P is the minimizing function for the capacity problem and we have cap(C) = cap ∂s (S) = E S (P ), where P harmonic and ∂P • ψ ∂t = 0.
We note that in any case cap ∂s (S) is decreasing, if the length of the strip S is increasing.
3 Lower bounds on the capacity depending on the area
Cylinders of constant curvature
We will first prove Theorem 1.1 and 1.2 for cylinders of constant curvature. The proof consists in replacing in three steps the initial annulus A = A 0 , with a set A i such that cap ∂s (A i ) ≥ cap ∂s (A i+1 ) and area(A i ) = area(A).
In the final step, we obtain an annulus A 3 of constant length that satisfies cap ∂s (A 3 ) = cap(A 3 ).
Step 1 : Reduction of the number of subsections Let A be an annulus of fixed area on a cylinder C with baseline γ. For each p ∈ γ there is a geodesic arc δ p that is perpendicular to γ and that passes through p. We call δ p ∩A = η p a section of A. We call a geodesic arc η i that forms a connected component of a section a subsection. We furthermore define the type of the subsection. The type depends on the boundary condition imposed by the capacity problem. We say that a subsections η i is of type aa, if the boundary conditions on η i imply that the boundary values on both sides of the subsection are equal. We say that η i is of type ab if the boundary conditions imply that the values on the two sides are different. Note that cap ∂s (·) is well-defined on sections and subsections. We may assume that a section η p is given in Fermi coordinates by
Here the number of subsections is finite. It will be clear from the proof that the proof also applies if the number is infinite. In this step we reduce the number of subsections in each section of A to one, such that the total area of A does not change. Note that in each section there must be a subsection of type ab, because A is a non-contractible annulus.
To execute
Step 1 we apply the following algorithm to each section
Starting from i = 1, we go consecutively through the subsections η i . For fixed i we first replace η i ∪ η i+1 by one subsection η ′ . We obtain η ′ by elongating one of the subsection in direction of the other. If both η i and η i+1 are of the same type, we elongate η i in direction of η i+1 . If one subsection is of type aa and the other subsection is of type ab, then we elongate the subsection of type ab in direction of the subsection of type aa. Let WLOG η i be the subsection that is being elongated. We note that for a subsection η i of type aa we have cap ∂s (η i ) = 0. It follows from Lemma 2.1 that cap ∂s (η i ) decreases, if the length of η i increases. Hence
We elongate η i to obtain η ′ = ψ({t}×]a i , b[) in a way such that
Using (8) in equation (4), this condition ensures that the set A 1 obtained in this way has the same area as the annulus A. Finally we set η ′ := η i+1 and go to i + 1. When we apply this algorithm to a section η p we obtain a single connected section η ′ p . We obtain A 1 by applying this algorithm to all sections of A. We have cap ∂s (A) ≥ cap ∂s (A 1 ) and area(A 1 ) = area(A).
Step 2 : Positioning the sections A section η p of A 1 in Fermi coordinates is WLOG given by
In this step we replace each η p with a section η ′ p , such that the resulting annulus A 2 has the same area. If K > 0, we replace η p with a section η ′ p = ψ({t}×]a, W (t)[) situated near the shorter boundary of C. If K < 0, we replace it with a section η ′ p = ψ({t}×] − W (t), W (t)[) centered around γ. To ensure that the resulting annulus A 2 has the same area as A 1 , we have to solve the equations
with respect to W (t) to obtain the length coordinates of the section η ′ p (see equation (2) and (4)). Then it follows that cap ∂s (η p ) ≥ cap ∂s (η ′ p ) from Lemma 2.1 and equation (6). Replacing all sections η p of A 1 by the corresponding section η ′ p we obtain the annulus A 2 of lower directional capacity with area(A 2 ) = area(A).
Step 3 : Averaging the lengths of the sections In this step we replace A 2 by an annulus A 3 of constant length. If K < 0 we replace A 2 with an annulus centered around γ. If K > 0 we replace A 2 with an annulus situated near the shorter boundary of C. A section of A 2 in Fermi coordinates is WLOG given by
To obtain an annulus A 3 of the same area as A 2 we have to solve the equation
with respect to W to obtain the length coordinates of A 3 . We obtain :
It remains to show that cap ∂s (A 3 ) ≤ cap ∂s (A 2 ).
Applying Lemma 2.1 and equation (6), this is equal to
This result follows from an application of the integral version of Jensen's inequality. If ϕ : R + → R is a convex function, then :
Here we use the result for W from equation (10) in inequality (11) and set
in Jensen's inequality. This way we obtain inequality (11). We obtain always the same annulus A 3 , independent of the starting annulus A. This annulus satisfies cap ∂s (A 3 ) = cap(A 3 ) (see (7)). This proves Theorem 1.1 and 1.2 in the case of cylinders of constant curvature.
Cylinders of variable negative curvature
Now let C be a cylinder of variable negative curvature with baseline γ of length l. We assume that the curvature of C is bounded from above by K = −k 2 1 . Let A = A 0 an annulus of fixed area. Here we proceed in two steps. First we apply Step 1 from the case of constant curvature to obtain A 1 . From Step 1 we obtain an annulus A 1 of equal area and with lower directional capacity than A 0 .
In the following
Step 2 we show that cap ∂s (A 1 ) is always bigger than the capacity of a certain comparison annulus of fixed length on a comparison cylinder of constant curvature −k 2 1 .
Step 2 : Comparison with an annulus of constant negative curvature
Each section of A 1 consists of a single geodesic arc η p . Now we compare the directional energy cap ∂s (η p ) with the directional energy of a section η ′ p in a comparison cylinder C ′ with baseline γ of length l(γ) = l of constant negative curvature −k 2 1 . We have that η p is given in Fermi coordinates by
This condition ensures that the corresponding annulus A 2 ⊂ C ′ has the same area as A 1 (see equation (2) and (4)). The above equation is equal to
To obtain cap ∂s (A 1 ) ≥ cap ∂s (A 2 ) with the help of Lemma 2.1 we have to show that for all
We now replace W (t) from equation (12) in equation (13). We note that − arcsinh(x) = arcsinh(−x). Using integration by substitution we obtain :
with cosh 2 (arcsinh(x)) = 1 + x 2 this simplifies to 
Now as
By inequality (3) we have that h(t, s) > cosh(k 1 s) for all t ∈ [0, l]. Hence we obtain on the left-hand side of (13) a 2 (t)
We now consider the right-hand side of inequality (13). Due to the monotonicity of the arctan function and as h(t, s) > cosh(k 1 s) we have
As for all a 1 (t), a 2 (t) ∈ R, a 2 (t) > a 1 (t)
we obtain in total inequality (13)
It follows that cap ∂s (A 1 ) ≥ cap ∂s (A 2 ). Hence for all A 1 from Step 1 there exists an comparison annulus A 2 in a cylinder of constant curvature −k 2 1 , such that area(A) = area(A 1 ) = area(A 2 ) and such that A 2 has lower directional capacity. For this annulus we obtain a lower bound based on the area from the previous proof. This concludes the proof in the case of annuli on cylinders of variable negative curvature.
Inequalities for the capacity of an annulus on a cylinder
The upper and lower bound for the capacity of an annulus A can be obtained in the following way. To obtain an upper bound, we can evaluate the energy of any test function F T ∈ Lip(Ā) that satisfies the boundary conditions for the capacity problem for A. We can easily construct a test function by adjusting the minimizing function P from Lemma 2.1 to the boundary, such that P is the minimizing function for cap ∂s (A). We can evaluate our choice by evaluating cap ∂s (A), which provides the lower bound for cap(A). This approach works immediately for an annulus A that can be parametrized in Fermi coordinates in the following way : A = ψ{(t, s) | s ∈ [a 1 (t), a 2 (t)], t ∈ [0, l]}, where a 1 (·) and a 2 (·) are piecewise derivable functions with respect to t. In this case, we say that our annulus is of type A. As a 1 (·) and a 2 (·) are functions each section of A consists of a single geodesic arc. We say an annulus is of type B if it is not of type A and if its boundary is a piecewise differentiable curve. In this case the approach can be adapted to obtain an upper or lower bound. Here the lower bound can be constructed by the same method, which we present in the following. Though the method can also be adapted to obtain an upper bound for any annulus of type B, we think that this upper bound deviates too much from the real value of the capacity and we will not present this approach here. As mentioned in the introduction, different test functions are used in [G] to obtain an upper bound for the capacity of annuli. These methods can also be applied in the current situation. However, the upper bound presented in this section is more practical and explicit. The result of this section has been used to estimated the energy of harmonic forms dual to a canonical homology basis on Riemann surfaces in [Mu] .
